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osting by EAbstract The subject matter of this research is that of improving and enhancing the results of the
mathematical models of the classical turbulent ﬂows with increasing Reynolds numbers over the sur-
faces of complex conﬁgurations to improve its applicability in diverse realistic disciplines. As the
sinusoidal solid surface with the wavy boundary in the mainstream direction develops periodic pres-
sure gradient in the ﬂuid ﬂow, successive acceleration and deceleration associated with multiple ﬂuid
ﬂow separations and reattachments, leads to enrich the analysis and the consequent results. Also, as
this issue represents the focal point of many researchers over the previous three decades and con-
sequently the numerical and experimental results available in the literature are enough for conduct-
ing its investigation. Therefore, turbulent ﬂow over a sinusoidal solid surface is investigated using
two versions of the standard k–e turbulence model. In this regard, the present investigation is per-
formed within the framework of the 2D modeling to simplify the involved rigorous mathematical
processing and to introduce a reliable physical interpretation of the numerical results, which vali-
dated against the available results of the Direct Numerical Simulations (DNSs) and experimental
works at moderate Reynolds numbers with the recirculation zones captured well. Also, the inﬂu-
ences of alternating pressure gradients induced by the ﬂuctuating surface curvatures, the sequential.A. Hafez), elsamni@yahoo.
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146 K.A. Hafez et al.ﬂuid ﬂow separations and reattachments, the higher wave steepness ratios 2a=k and the higher Rey-
nolds number of order 106 are clariﬁed. This comparative analysis has proved – with no doubt – that
the ﬂuid ﬂow in the recirculation zones is so sensitive to the reﬁnement of the modeling grid in the
near-wall region of the ﬂow channel, which leads to improving the results of the classical turbulence
models through improving both the skin friction and the ﬂow recirculation zones, and also leads to
clarifying the shortcomings of the available published results.
ª 2011 Faculty of Engineering, Alexandria University. Production and hosting by Elsevier B.V.
All rights reserved.1. Introduction
Wavy surfaces have been encountered in many industrial and
environmental applications, for instant, heat exchangers, wind
generated ocean waves, river sediment dunes and Wing in
Ground Effect (WIG) vehicle are among various applications
which involve wavy boundaries. The later plays a vital role
in enhancing the mass and heat transfer mechanisms, associ-
ated with large pressure variations. In essence, the fully devel-
oped ﬂow over a wavy surface, either laminar or turbulent, is
much more complex than that over a ﬂat surface because of the
additional parameters to be used and the associated ﬂow phe-
nomena to be interpreted. The former may be regarded as
wave amplitude a, and wave steepness ratio 2a=k, where k is
the wave length. The later may be regarded as the effects of
the alternating pressure gradients due to the wave-induced
expansion and contraction of the streamlines, convex and con-
cave surface curvatures on the turbulence, the separation and
reattachment points, the moving and deforming boundaries,
and the possibility of self-induced unsteadiness of the ﬂow in
the cavities and associated vortex shedding involved therein.
Several researches including numerical simulations and
experimental measurements have been conducted in order to
investigate the ﬂow characteristics over wavy surfaces together
with interpreting the associated physical phenomena. Concern-
ing the numerical calculations, their mathematical models were
2D and limited to cases with weak nonlinear effects. Such cal-
culations have included applications of linear stability theory,
boundary-layer theory, solutions of the Navier–Stokes equa-
tions, and solutions of the Reynolds-averaged Navier–Stokes
(RANS) equations with different types of turbulence closure
models. Periodicity is generally assumed so that solutions are
obtained only for a single wave. Concerning the experimental
works, they were carried out for a wide set of parameters but
not directly comparable and sufﬁcient for turbulence model-
ing. They have included ﬁeld observations and laboratory
investigations in which internal and external ﬂows as well as
ﬂow in open channels have been considered. Concerning the
DNS, considerable progress in understanding, modeling, and
predicting turbulence phenomena has been achieved by using
the spectral method. The application of a consistent ﬁnite dif-
ference method has greatly improved the results obtained up to
a level comparable to that of the spectral method.
2. State of the art
Buckles et al. [1] could experimentally identify three ﬂow re-
gions using time average of the mean velocity and the resulting
streamlines. Setting a=k to 0.10 and Reb to 12,000, clear and
large separated regions could be traced. Reb is the Reynolds
number in terms of mean velocity and mean channel heightexpressed as Reb ¼ UbH=m, Ub is the mean velocity of the ﬂow
across the channel, or bulk average velocity, expressed as
Ub ¼ 1:0=ðH yÞ
RH
y
Ux dy, H is the mean channel depth, m is
the kinematic viscosity expressed as m ¼ l=q, y is the vertical
cartesian coordinate, i.e., parallel to the gravitational vector,
Ux is the mean velocity of the ﬂow in the streamwise direction,
l is the dynamic viscosity of the ﬂuid, and q is the density of
the ﬂuid At lower position a=k of 0.05. Hudson et al. [2] mea-
sured the spatial and temporal variation of the streamwise and
normal velocity components which enabled them to calculate
the Reynolds shear stress and turbulence production. Their
work showed that turbulence production in a ﬂow near a wavy
surface is different from that near a comparable ﬂat surface.
The former is mainly associated with the interactions between
the free shear layer and the separated ﬂow region, the phenom-
enon which does not appear in the later.
Nakagawa and Hanratty [3] measured the velocity ﬁeld of
the ﬂow over a fully rough sinusoidal boundary in the stream-
wise direction and perpendicular to the wall. Visual observa-
tions and two-point correlations of the ﬂuctuating velocity
ﬁeld revealed that the turbulent structure was similar to what
was previously found for ﬂow over an aerodynamically
smooth surface even though the mechanisms by which the wall
maintained the turbulence were quite different. This empha-
sized the notion that the turbulence is universal at a distance
far enough away the wall.
Henn and Sykes [4] investigated the fully developed turbu-
lent ﬂow in a neutral channel with a lower sinusoidal wall
using Large-Eddy Simulation (LES). They compared their
numerical results against the experimental observations of
Buckles et al. [1] for wave slopes ranging from 0.0 to 0.628,
with particular emphasis paid to the separated ﬂow induced
by large-amplitude wave. LES surface pressures were inte-
grated to calculate the form drag as a function of wave slope.
Drag was found to increase quadratically with slope for small-
amplitude waves, with a somewhat slower increase for larger
amplitudes. Their analysis showed an increase in transverse
velocity ﬂuctuations on the wave up-slope associated with tem-
porally persistent vortex-like structures localized near the sur-
face. The magnitude of the ﬂuctuation increase appeared to
scale quadratically with slope for small-amplitude waves, in
contrast to the streamwise ﬂuctuations, which increase
linearly.
McLean [5] calculated the distribution of wall pressure and
shear stress using an algebraic eddy viscous model. For small
amplitude wavy wall, the predictions agreed well with the
experimenta1 data, whereas for large amplitude wavy wall, a
reverse ﬂow region is appeared in the wave trough. In a 2D
wavy channel, Patel et al. [6] explored the steady ﬂow charac-
teristics using the standard k–e model, where k is the turbulent
kinetic energy, and e is the turbulent dissipation rate, and
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scribed the effects of alternating pressure gradients which in-
duced by the periodic changes in the surface curvatures.
Their results were judged to capture the overall features of
the physical problem including the breakdown of the wavy
wall logarithmic law in the separated ﬂow regions.
With the development of the computational facilities, DNS
has becoming a powerful tool in exploring turbulent ﬂows.
Maab and Schumann [7] performed DNS of turbulent ﬂows
over a wavy boundary and compared their results against
the experimental measurements of Hudson et al. [2]. They
showed that the effective friction velocity at the wavy lower
surface is about 50% larger than that at the upper ﬂat surface
mainly because of the additional pressure drag. Cherukat et al.
[8] also found by DNS that the velocity bursts originated from
the separated ﬂow region remains active over large distance
away from the wavy wall. De Angelis et al. [9] performed pseu-
do-spectral DNS using conformal mapping in simulating the
wavy surface with a slippery upper surface. They provided de-
tailed information concerning the inﬂuence of the transport
equations of different turbulence quantities which may be use-
ful in modeling the turbulent ﬂows. They aspired at using their
method in simulating the wavy surfaces between different ﬂu-
ids of different properties and investigating the associated pro-
cesses of mass transfer.
Most recently, Park et al. [10] claimed that the k–e model is
unable to predict the recirculation zone and therefore not suit-
able to simulate complex conﬁgurations. They have slightly
modiﬁed the nonlinear k–e–fl model of Park et al. [13], and ap-
plied it for the prediction of turbulent ﬂows and heat transfer in
a wavy wall channel. fl is the fanning friction factor expressed
as fl ¼ 0:0612
ﬃﬃﬃﬃﬃ
Re
4
p
. The wall corrections of the nonlinear terms
were made through the model coefﬁcients related to the modi-
ﬁed strain variable SW. For a fully developed ﬂow past ﬂat and
wavy channels, their corresponding modiﬁcations were vali-
dated against the calculated turbulence quantities of the DNS
data of Kasagi et al. [11] and Moser et al. [12] in the ﬂat case
and Maab and Schumann [7] in the wavy case (a = 0.05H).
In the wavy case, to analyze the effect of surface undulation,
several wall wave amplitudes in the range 0 6 a=k 6 0:15 were
selected for Reb ¼ 6760 and k ¼ H. The results showed that the
local variations of the wall friction and the heat transfer rate
were altered by the degree of surface undulation. It was found
that the separated ﬂow is initiated almost at a=k ¼ 0:02. As a=k
is increased, the size of the ﬂow recirculation zone was slightly
enlarged. Although the distributions of the skin friction coefﬁ-
cient Cf expressed as Cf ¼ s=0:5qU2b, where s is the shear stress,
and Nusselt number Nu expressed as Nu = hDh/kf, were af-
fected by the appearance of the ﬂow recirculation zone, their
patterns are similar with the shape of wavy wall surface. h is ex-
pressed as h= sw/(hw  hb), Dh is the hydraulic diameter ex-
pressed as Dh = 2H, kf is the thermal conductivity, sw is the
wall heat ﬂux, hw is the wall temperature, and hb is the bulk
mean temperature. For the wavy wall surface, the drag coefﬁ-
cient and the heat transfer rate were higher than that of the ﬂat
wall related to the appearance of the ﬂow recirculation zone. As
the wave amplitude was increased from a=k ¼ 0:0 to
a=k ¼ 0:15, the total mean drag coefﬁcient CD expressed as
CD ¼ Cp þ Cf ¼
R
Pnx dAþ
R
sny dA
 
A, showed a unilateral
increment because of the increased form drag Cp. Cp is the pres-
sure coefﬁcient expressed as Cp ¼ P=0:5qU2b, P is the mean
pressure, nx is the x-component of unit normal vector withrespect to wall surface, ny is the y-component of unit normal
vector with respect to wall surface, andA is the area of wall sur-
face. However, the friction drag Cf was signiﬁcantly reduced
and the highest heat transfer rate is observed at a=kP 0:11.
The effects of the wall wave amplitude on the ﬂow and heat
transfer characteristics were well captured by combining the
modiﬁed nonlinear k–e–flmodel with the explicit algebraic heat
ﬂux model of Park et al. [13].
The success of the aforementioned computations, however,
has been difﬁcult to assess due to a wide inconsistency in the
experimental data. Many of such inconsistencies may be attrib-
uted to the difﬁculty associated with measuring the ﬂuctuating
pressure and velocity ﬁelds over an undulating surface.
Although DNS furnishes highly accurate predictions without
applying turbulence models, its implications in the commercial
CFD packages are not feasible at that moment. The predic-
tions of the ﬂow characteristics for the realistic design purposes
as enumerated before is highly affected by the inherent inaccu-
racies embedded into the mathematical models of the ﬂow
ﬁelds.
The authors are venture to emphasize the fact that the main
ﬁnding to be withdrawn from analyzing the previous re-
searches is that there is necessity for a more accurate yet prac-
tical and reliable turbulence model which satisﬁes the
imperative necessities in the various up-to-date realistic appli-
cations. Therefore, this study aims at investigating the applica-
bility of two versions of k–e model in predicting the ﬂow
characteristics over a wavy surface at a higher range of
Reynolds number with reasonable accuracy, less computa-
tional effort, and simple practical mathematical model.
3. Problem description
The present study is concerned with the numerical investiga-
tion of the steady turbulent ﬂow in a 2D wavy channel with
the upper surface being ﬂat and the lower wall being ﬁxed
and changing sinusoidally in the mainstream direction.
Fig. 1 shows the computational domain for a 2D wavy wall
channel. The directions of the mean ﬂow and its normal are de-
noted by x and y, respectively. The lower sinusoidal wall of the
channel is represented by y= a cos(bx), where b is the wave
number expressed as b ¼ 2p=k, with the mean position located
at y= 0, whereas its upper ﬂat surface is located at y=H.
The channel mean height H is set equal to the wave length k,
whereas three complete wave cycles were proven convenient
in representing the channel length to eliminate the effect of
periodicity on the ﬂow ﬁelds in the channel inlet and outlet,
Park et al. [10]. Periodic boundary conditions are applied at
upstream and downstream ends of the computational domain.
Of particular concern here is the description of the mean
ﬂow in the vicinity of the wavy wall and in the presence of suc-
cessive separations and reattachments of the ﬂuid ﬂow. Fully
developed channel is chosen against developing boundary
layer in order to avoid the usual uncertainties caused by the
initial and boundary conditions in the developing boundary
layer and to focus only on turbulence model parameters. By
eliminating these uncertainties in the boundary conditions,
attention can be paid to the turbulence closure assumptions.
In order to held a meaningful comparative study between
the present numerical results and the available published re-
search works, two groups of calculations are adopted. The ﬁrst
group includes numerical results corresponding to wave
Figure 1 Schematic diagram of channel ﬂow over a periodic wavy lower wall. The mean channel depth is H, the computational domain
has a length L= 3k.
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6760, so that comparisons can be presented against those of
Hudson et al. [2], Maab and Schumann [7], Cherukat et al.
[8], and Dellil et al. [14]. The second group includes numerical
results corresponding to wave amplitude equals to 0.10H and
Reynolds number of 21,400, to be compared against the results
of Buckles et al. [1], and Henn and Sykes [4]. Moreover, two
different approaches are used to resolve the ﬂow in the vicinity
of the wavy wall; the Standard Wall Function (SWF) proposed
by Launder and Spalding [15] and the Enhanced Wall Func-
tion (EWF) proposed by Kader [16].4. Mathematical modeling
4.1. Turbulence model
One of the popular and easiest turbulence models is the two-
equation model in which the solution of two separate transport
equations allows the turbulent velocity and length scales to be
independently determined. The standard k–e model falls within
this class of turbulence model and has become the workhorse
of practical engineering ﬂow calculations since Launder and
Spalding [17]. Such model is a semi-empirical model based
on model transport equations for the turbulence kinetic energy
k and its dissipation rate e. The model transport equation for k
is derived from the exact equation, while the model transport
equation for e was obtained using physical reasoning and bears
little resemblance to its mathematically exact counterpart.
Robustness, economy, and reasonable accuracy for a wide
range of turbulent ﬂows explain the popularity of such model
in industrial ﬂow applications and heat transfer simulations.
Several studies have shown that the standard k–e model
provides a good performance for several validations of ﬂows
involving rotation, vortices, and streamline curvature, free
ﬂows including axisymmetric and planner jets, channel and
boundary layers under adverse pressure gradients, separations,
and recirculations in addition to its good representation of the
spectral energy transfer.
4.2. Governing equations
The governing equations describing the mean velocity ﬁeld in a
steady incompressible and viscous turbulent ﬂow are obtainedby decomposing the velocity ﬁeld into mean component u and
ﬂuctuating component u0 as given in the following equation:
@ðquiÞ
@xi
¼ 0:0 ð1Þ
where u is the x-direction velocity, i.e., perpendicular to the
gravitational vector, or parallel to the wall.
The RANS equations, turbulence kinetic energy k and its
rate of dissipation e are obtained from the transport equations
(2)–(4):
@ðquiujÞ
@xj
¼  @p
@xi
þ @
@xj
l
@ui
@xj
þ @uj
@xi
  	
þ @ðqu
0
iu
0
jÞ
@xj
ð2Þ
The indices i, j refer to the directions of coordinates, the prime
0 signiﬁes ﬂuctuating component, and the over-line signiﬁes
time averaging:
@
@t
ðqkÞ þ @
@xi
ðqkuiÞ ¼ @
@xj
lþ lt
rk
 
@k
@xj
 	
þ Gk  qe
þ Sk ð3Þ
where lt is the turbulent or eddy viscosity, rk is the turbulent
Prandtl number for the turbulence kinetic energy k and equals
to 1.0, Gk is the turbulent kinetic energy generated due to the
mean velocity gradients, Sk is the source term for the turbu-
lence kinetic energy k, and
@
@t
ðqeÞþ @
@xi
ðqeuiÞ¼ @
@xj
lþlt
re
 
@e
@xj
 	
þC1e e
k
ðGkÞC2eqe
2
k
þSe
ð4Þ
The model constants, i.e., the ﬁrst experimental model con-
stant for the dissipation rate C1e, the second experimental mod-
el constant for the dissipation rate C2e, Cl, and the turbulent
Prandtl number for the dissipation rate re have the default val-
ues 1.44, 1.92, 0.09, and 1.30, respectively, as suggested by
Launder and Spalding [15]. These default values have been
determined from experiments with air and water for fundamen-
tal turbulent shear ﬂows including homogeneous shear ﬂows
and decaying isotropic grid turbulence. They have been found
to work fairly well for a wide range of wall bounded and free
shear ﬂows. Se is the source term for the dissipation rate e.
The generation of turbulence kinetic energy due to mean
velocity gradients, Gk ¼ qu0iu0j @uj@xi, in the standard k–e model
is modeled in a manner consistent with the Boussinesq hypoth-
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where leff is used in lieu of lt for high-Reynolds number, S is
the modulus of the mean rate-of-strain expressed as
S  ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ2SijSijp , lt is the turbulent (or eddy) viscosity expressed
as lt ¼ qClk2=e, and Cl is a constant equals to 0.09.
4.3. Standard wall functions (SWF)
The standard wall functions are based on the proposal of
Launder and Spalding [15] and have been most widely used
for industrial ﬂows.
The law-of-the-wall for mean velocity yields
U ¼ 1=j  lnðEyÞ ð5Þ
where E is an empirical constant equals to 9.793, j is the Von
Ka´rma´n constant and equals to 0.4187, U* is the non-dimen-
sional mean velocity of the ﬂow at the wall expressed as
U  qUpC0:25l j0:50p =sx ð6Þ
Up is the mean velocity of the ﬂow at the near wall node p, jp is
the turbulent kinetic energy at the near wall node p, y* is the
non-dimensional distance from the wall expressed as
y  qypC0:25l j0:50p =l ð7Þ
and yp is the distance from point p to the wall.
The logarithmic law for mean velocity is known to be valid
for 30 < y* < 300. The log-law is employed when
y* > 11.225. As the mesh satisﬁes y* < 11.225 at the wall-
adjacent cells, the laminar stress–strain relationship U* = y*
is applied.
It should be noted that the laws-of-the-wall for mean veloc-
ity and temperature are based on the wall unit, y*, rather than
the x-direction velocity non-dimensionalized by the shear
velocity y+ expressed as y+ ” qusy/l, where us is the shear
velocity expressed as us ¼ Ub
ﬃﬃﬃﬃ
fl
p
=2 and fl is the model func-
tion, as both are approximately equal in equilibrium turbulent
boundary layers.
The standard wall functions give reasonably accurate pre-
dictions for the majority of high-Reynolds-number, wall-
bounded ﬂow. Although the SWF model can be extended to
non-equilibrium cases by including the effects of pressure gra-
dient and strong non-equilibrium, it becomes less reliable when
the ﬂow conditions depart too much from the ideal conditions
underlying the wall functions. For instance, when severe pres-
sure gradients leading to boundary layer separations exist, the
predictions are likely to be questionable. Therefore, if it is con-
sidered critically important to capture the ﬂow circulation
within the troughs of the wavy surface accurately, the near-
wall modeling approach combined with adequate mesh resolu-
tion in the near-wall region should be employed. The other ap-
proach that can be implemented in such situation is the EWF
which can be used with the three k–e models and the Reynolds
stress models (RSM).
4.4. Enhanced wall functions (EWF)
The idea of EWFwas suggested by Kader [16] where a blending
function formulates the law-of-the-wall as a single wall for the
entire wall region. This was done by combining linear ‘‘lami-
nar’’ and logarithmic ‘‘turbulent’’ laws-of-the-wall as follow:
uþ ¼ eCuþlam þ e1=Cuþturb ð8Þwhere the superscript + signiﬁes a quantity made dimension-
less with the longitudinal and vertical ﬂow velocity compo-
nents, i.e., u and v, respectively, the subscripts lam and turb
signify laminar and turbulent ﬂow, respectively, the blending
function C is given by
C ¼ aðyþÞ4=ð1þ byþÞ ð9Þ
and, the constants a, and b are taken to be 0.01 and 5.00,
respectively.
Similarly, the general equation for the derivative du+/dy+
is
duþ=dyþ ¼ eCduþlam=dyþ þ e1=Cduþturb=dyþ ð10Þ
where e is the natural logarithm constant, and the superscript
C signiﬁes blending term.
This approach allows the fully turbulent law to be easily
modiﬁed and extended to take into account other effects such
as pressure gradients. This formula also guarantees the correct
asymptotic behavior for large and small values of y+ and rea-
sonable representation of velocity proﬁles in the cases where
y+ falls inside the wall buffer region 3 < y+< 10.
For compressible ﬂow with heat transfer and pressure gra-
dients, White and Christoph [18] and Huang et al. [19] pro-
posed similar blending function to Eqs. (8) and (10).
4.5. Boundary conditions
Periodic boundary conditions are applied at upstream and
downstream ends of the computational domain.
The boundary condition for k imposed at the wall is
@k=@n ¼ 0 ð11Þ
where n is the local coordinate normal to the wall.
The production of kinetic energy, Gk, and its dissipation
rate, e, at the wall-adjacent cells, which are the source terms
in the k equation, are computed on the basis of the local equi-
librium hypothesis. Under this assumption, the production of
k and its dissipation rate are assumed to be equal in the
wall-adjacent control volume.
Thus, the production of k is computed from
Gk  sx@U=@y ¼ sxðsx=jqC0:25l j0:50p ypÞ ð12Þ
where U is the mean velocity of the ﬂow in the streamwise
direction, and, e is computed from
ep ¼ C0:75l j1:50p =jyp ð13Þ
The e equation is not solved at the wall-adjacent cells, but in-
stead is computed using Eq. (13).
The boundary condition for turbulence kinetic energy is the
same as for standard wall functions ‘‘Eq. (11)’’. However, the
production of turbulence kinetic energy Gk is computed using
the velocity gradients that are consistent with the enhanced
law-of-the-wall equations (8) and (10), ensuring a formulation
that is valid throughout the near-wall region.
4.6. Numerical technique
The governing equations are solved using the ﬁnite-volume
method in a staggered grid system. In these calculations, the
QUICK scheme, based upon three-point upstream weighted
quadratic interpolation as described by Leonard and Mokhtari
150 K.A. Hafez et al.[20] was used rather than linear interpolation between consec-
utive grid points. The principal objective in using the quick
scheme is to reduce the grid size required to yield a grid-inde-
pendent solution, in comparison to the low-order scheme. Be-
cause of its improved accuracy, the second-order scheme was
chosen to handle the pressure interpolation. The SIMPLEC
algorithm with a second order spatial discretization scheme
that based on ﬁnite volume method as proposed by Van-
doormaal and Raithby [21] was used as a pressure velocity
coupling method. The computations are carried out using
ANSYS FLUENT [22], a commercial CFD package with
a 2D conﬁguration.
The quality and accuracy of the solution is highly corre-
lated to the quality of the mesh being used. A non-uniform
grid was used in this study, with high density mesh in regions
near the walls. The Bell Shaped scheme is used to grade the
edges such that the mesh node density obeys a normal distribu-
tion centered at the geometric center of the edge. This algo-
rithm gives minimal near wall grid stretching which is
recommended in case of wall function approach. Fig. 2 shows
a sample grid used in the calculations. The solution grid-
dependence will be discussed in a subsequent section.
5. Analysis and validation of the numerical results
To study the effect of near wall grid reﬁnement on the pre-
dicted ﬂow, six different grids have been studied. Table 1 sum-
marizes the different characteristics of these grids. As
mentioned before, the Bell-Shaped grading scheme is used in
grading the edges of the domain. It is worth noting that a grad-
ing-ratio of 0.50 means equally divided grid while a ratio of 1.0
means more grid density near the walls. It is well known from
the literature that the value of the near wall y+ should be
around 30 in case of SWF approach. This is due to the fact
that the log low is valid throughout the range 30 < y+
< 60. In case of EWF, the value of the near wall y+ shouldFigure 2 Close-up of the computational grid shbe less than 1.0. It has been mentioned before that in case of
SWF, if y+< 11.225 at the wall-adjacent cells, the laminar
stress–strain relationship applies. In this paper, all the chosen
grids gave a value of yþWall much less than 11.225. This has been
done intentionally to see the effect of using near wall laminar
stress–strain relationship in case of wavy wall turbulent ﬂow
that is being solved with the most basic k–e model. To be con-
sistent, the exact same grids have been used in the case of
EWF. Also, the literature reported that separation and reat-
tachment are likely to occur at a = 0.05H, which makes it a
challenge for any turbulence model to accurately predict the
positions of separation and reattachment along the wavy wall.
Fig. 3a and b shows the predicted skin friction coefﬁcient Cf
on the lower wall. In case of SWF, the ﬁrst three girds does not
detect the separation at all, whereas the third grid shows just
the beginning of the separation. By increasing the near wall
grid stretching and adding more grid points inside the viscous
sub layer grid-4, the SWF is able to predict the separation at
the wavy wall. In case of grid-5, the number of grid points in
the y direction increased from 102 to be 152, which means
10 more points are added to the viscous sub-layer, with the re-
sult that two local minima appear in the skin friction coefﬁ-
cient. As an extreme case, grid-6 added extra 10 points inside
the laminar sub-layer. This resulted in a slightly longer reat-
tachment length compared with grid-5. For the rest of this pa-
per, grid-5 is selected to solve the underlying problem as the
numerical result of the skin friction coefﬁcient Cf on the lower
wavy wall appears to be satisfactory in predicting the multiple
ﬂow separations and reattachments with a reasonable compu-
tation time. For the case of EWF, Fig. 3b shows that the solu-
tion is not grid dependent at all and the six different grid
systems show almost the same solution.
Fig. 4 shows a comparison between the current work, the
DNS solution of Maab and Schumann [7] and the linear and
nonlinear k–e–fl, solution of Park et al. [10]. As seen in the ﬁg-
ure, both near wall treatments were successful in predicting theowing minimal grid stretching near the wall.
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Figure 3 Effect of near wall grid resolution in the prediction
of the wall skin friction, (a = 0.05H, Re = 6760): (–ÆÆ–ÆÆ–) grid-1;
(–Æ–Æ–) grid-2; (  ) grid-3; (– – –) grid-4; (––) grid-5; (–– –– ––) grid-
6; (a) SWF; (b) EWF.
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Figure 4 Comparison of predicted Cf (a = 0.05H, Re = 6760):
(d) DNS by Maab and Schumann [7]; (–Æ–Æ–) nonlinear k–e–fl,
(–ÆÆ–ÆÆ–) linear k–e–fl by Park et al. [10]; (– – –) EWF; (––) SWF.
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ment xr points are predicted as 0:130k and 0:613k, respectively.
Table 2 Comparative status of the numerical methods used in
simulating the ﬂow.
Case Separation (xs)/k Reattachment (xr)/k
Hudson et al. [2] 0.220 0.580
Maab and Schumann [7] 0.137 0.594
Cherukat et al. [8] 0.138 0.602
Park linear k–e–fl [10] 0.135 0.618
Park nonlinear k–e–fl [10] 0.147 0.544
SWF 0.130 0.613
EWF 0.130 0.608
152 K.A. Hafez et al.In case of EWF, the separation started at the same location as
the SWF, whereas the reattachment occurs at a shorter dis-
tance of 0:608k. Table 2 tabulates the presently calculated posi-
tions of the ﬂow separation and ﬂow reattachment points
together with the experimental data by Hudson [2], DNS data
reported by Maab and Schumann [7] and Cherukat et al. [8]
and the linear and nonlinear k–e–fl, by Park et al. [10]. The
present results agree with the DNS data in a way better than
both linear and nonlinear k–e–fl models. The predicted skin
friction coefﬁcient in case of SWF is the closest to the DNS
data over the convergent part of the wall, whereas the distribu-
tion over the divergent part clearly shows two minima similar
to the DNS data. On the other hand, the EWF treatment does
not predict the two minima near the trough, but its behavior is
better than both linear and nonlinear k–e–fl models in predict-
ing the skin ﬁction coefﬁcient near the crest. In all presented
models, both SWF and EWF are the closest in predicting the
positions of the separation and reattachment points compared
to DNS data.
The predicted pressure coefﬁcient on the wavy wall will
be compared to both DNS data by Cherukat et al. [8]
and linear and nonlinear k–e–fl models by Park et al. [10].
Fig. 5 shows that none of the models succeeded in predict-
ing the pressure in the trough. The nonlinear k–e–fl model
underpredicts the pressure coefﬁcient all-over the wave,
whereas both SWF and EWF overpredicts it, with the
SWF seems to be in better agreement with the DNS datax /λ
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Figure 5 Comparison of predicted Cp (a = 0.05H, Re = 6760):
(–s–) DNS by Cherukat et al. [8] (Re = 6920); (–Æ–Æ–) nonlinear
k–e–fl by Park et al. [10]; (– – –) EWF; (––) SWF.than the EWF. Finally, all calculation models, i.e., linear
and nonlinear k–e–fl DNS, SWF and EWF shows excellent
pressure prediction near the crest.
The results obtained with the two approaches, SWF and
EWF will be discussed in terms of the time mean velocity com-
ponents and turbulence quantities. Fig. 6 shows the compari-
son between the predicted time mean streamwise and
transverse velocities and the experimental data of Hudson [2]
at the crest x=k ¼ 0:0 and at trough x=k ¼ 0:5. Both ap-
proaches predict the mean streamwise velocity very well com-
pared to the experimental results. The behavior of the SWF
model is better than that of the EWF model in the region near
the wavy wall, whereas at the trough, the EWF model overes-
timates the streamwise velocity in the region near the wavy
wall and its behavior in predicting the main ﬂow is better than
the SWF model. The transverse velocity is also slightly better
predicted by the SWF model in the region near the wavy wall
and both approaches SWF and EWF predicts the transverse
velocity almost identically inside the main ﬂow region.
The predicted results will be compared with the DNS veloc-
ity proﬁle data of Maab and Schumann [7] as obtained from
ERCOFTAC [23]. Fig. 7 shows a comparison between DNS
data and the predicted streamwise velocity at 10 different loca-
tions along the wavy wall. Due to the difference in the drag
forces between the wavy and the ﬂat wall, the velocity proﬁle
shows a skewed shape that changes continuously along the
wavy wall, with the velocity proﬁle of the SWF near the wavy
wall is in very good agreement with the DNS data. Putting en-
ough grid points inside the laminar sub-layer results in a valid
linear stress–strain relationship even on a wavy wall. In all gi-
ven 10 velocity proﬁles, the SWF is the closest proﬁle to the
DNS data in the near wall region especially near the wavy wall.
On the other hand, the EWF overpredicts the velocity inside
the separation vortex (the negative streamwise velocity). This
could be seen at positions x=k ¼ 0:304 and x=k ¼ 0:398. In
general, the EWF always overpredicts the streamwise velocity
near the wavy wall. On the other side, near the ﬂat wall of the
channel the EWF model shows the closest proﬁle to the DNS
data, whereas the SWF underpredicts the velocity of the main
ﬂow therein.
Fig. 8 compares between the predicted transverse velocity
and the DNS data. Over the diverging part of channel, the
EWF model always overpredicts the transverse velocity,
whereas the EWF model shows better agreement with the
DNS data. At x=k ¼ 0:492, the EWF model shows better
agreement with DNS data, but near the point of reattachment
x=k ¼ 0:601, the EWF model failed to predict the transverse
velocity and shows almost constant value over the whole sec-
tion. On the other hand, the SWF model shows a proﬁle sim-
ilar to the DNS data at that section. Over the diverging part of
the channel, the SWF model continues its excellent agreement
with DNS data, whereas the EWF model is always overpre-
dicts the transverse velocity. Again this conﬁrms that having
enough points inside the laminar sub-layer results in a trans-
verse velocity proﬁle very close to the DNS solution.
Now it is time to evaluate the hypothesis of inserting en-
ough points in the laminar sub-layer to predict the ﬂow past
the wavy wall. Buckles et al. [1] solved this problem for the
ﬂow condition of a = 0.10H and Re = 21,400 using an exper-
imental technique, whereas Henn and Sykes [4] solved the
same problem with the same ﬂow condition using LES tech-
nique. In the present calculation, grid-5 has been modiﬁed so
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Figure 6 Comparison of predicted u/Ub and v/Ub against experimental data (a = 0.05H, Re = 6760): (s) Hudson et al. [2]; (– – –) EWF;
(––) SWF.
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and SWF models show very good agreement with the experi-
mental and LES data. At the trough, both approaches predict
the streamwise velocity better than the LES solution which
over estimates that velocity, but generally the predicted veloc-
ity proﬁles lie between the experimental and LES data. Again
putting more data points inside the laminar sub-layer results in
a valid linear stress–strain relationship even at a higher Rey-
nolds number of 21,400 (comparing to 6760).
Fig. 9 shows a comparison between the present calculations
of the time mean streamwise velocity u/Ub, the numerical calcu-
lations of Buckles et al. [1], and the LES of Henn and Sykes [4]
for six different locations in the interval 0:10 6 x=k 6 1:0 along
the wavy wall with dðx=kÞ ¼ 0:20, 0:0 6 ðy hÞ=ðHþ aÞ 6 1:0
at wave amplitude a = 0.10H and Reynolds number
Re = 21,400. The velocities are normalized by the mean veloc-
ity of the ﬂow across the channel Ub which is deﬁned from the
Reynolds stress measurements. The abscissa gives the distance
from the mid-height of the channel normalized by the sum of
the channel height and the wave amplitude (H+ a). The veloc-
ity proﬁles at the positions x=k ¼ 0:10, 0.30, 0.5, 0.7, 0.9, and
1.0 are only shown since the proﬁles of the intermediate
x=k’s are similar. The calculated proﬁles for SWF and EWF
models match well with the data of Buckles et al. [1] and Henn
and Sykes [4] over the crest except for a slight under-prediction
in the region close to the surface, where a signiﬁcant shear can
be seen clearly.
The variation of the mean velocities shown in Fig. 9 are
small for the locations x=k ¼ 0:30, 0.70, and 1.0, whereas it
is signiﬁcant at the location x=k ¼ 0:10 for 0:0 6 ðy hÞ=
ðHþ aÞ 6 0:08 and 0:36 6 ðy hÞ=ðHþ aÞ 6 0:64, at
x=k ¼ 0:50 for 0:56 6 ðy hÞ=ðHþ aÞ 6 0:84, at x=k ¼ 0:90
for 0:0 6 ðy hÞ=ðHþ aÞ 6 0:08, and at x=k ¼ 0:30 for
0:20 6 ðy hÞ=ðHþ aÞ 6 0:54. The calculated velocity proﬁles
for SWF and EWF models show slightly negative velocity at
the locations x=k ¼ 0:10, 0.30, 0.5, and 0.7, whereas the mea-
surements of Buckles et al. [1] and Henn and Sykes [4] are
slightly positive, indicative of a somewhat further downstream
reattachment point. The maximum value of the dimensionless
streamwise turbulent velocity ﬂuctuation occur as shown in
Table 3.The dominant feature of the mean velocity proﬁles at posi-
tions of x=k that include a separated ﬂow is the existence of a
region of high vorticity away from the surface with an associ-
ated free shear layer formed as the boundary layer separates
from the surface. The outer edge of the boundary layer is evi-
denced by a shoulder in the proﬁles of the mean velocity as
shown in Fig. 9. An important feature of these velocity proﬁles
is the formation of an inner boundary layer just downstream of
the reattachment point. This is characterized by the existence
of a region having very large velocity gradients close to the
wall and having a maximum intensity of the velocity ﬂuctua-
tions. This boundary layer moves away from the surface at
the separation point and forms a free shear layer, in which
the intensity of the velocity ﬂuctuations reaches its maximum
value at the inﬂection point of the mean velocity proﬁle. The
location of the shear layer can be deﬁned more precisely
through this maximum than it can through the average veloc-
ity proﬁle. Downstream of reattachment, a layering is observed
in which three maxima in the intensity of the velocity ﬂuctua-
tions are shown. One of these maxima is associated with the
boundary layer, whereas the other two are associated with
the shear layers formed by the ﬂow separation from the previ-
ous two crests.
The velocity proﬁles at positions x=k ¼ 0:10, and 1.0 show
a thin forward moving boundary layer close to the wavy sur-
face; ðy hÞ=ðHþ aÞ ¼ 0:0. The sharp increase of the velocity
proﬁles at the point closest to the condition ðy hÞ=
ðHþ aÞ ¼ 0:001 for x=k ¼ 0:70 and ðy hÞ=ðHþ aÞ ¼ 0:005
for x=k ¼ 0:90 indicates that the boundary layer is initiated
approximately at the reattachment point x=k ¼ 0:69. This
boundary layer is thin and being less than 0.15 mm at the loca-
tion x=k ¼ 0:70. Beyond the location x=k ¼ 0:0 (from
x=k ¼ 0:0 to the separation point) it thickens; approximately
tripling in size. There is also a boundary layer moving a short
distance upstream from the reattachment point, as evidenced
by the sharp change of the velocity proﬁle close to the wall
for the location 0:50 6 x=k 6 0:70.
Dellil et al. [14] solved the ﬂow in the same channel for the
condition a = 0.05H, Re = 6760. They used the zonal model-
ing strategy based on DNS data and combined the standard k–
e turbulence model in the outer core ﬂow with a one equation
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Figure 7 Comparison of predicted u/Ub against DNS data (a = 0.05H, Re = 6760): (s) Maab and Schumann [7]; (– – –) EWF; (––)
SWF.
154 K.A. Hafez et al.model to resolve the near-wall region. Fig. 10 shows a compar-
ison of the predicted non-dimensional velocity U+ in terms of
y+ for the models of EWF, SWF, and DNS data of Maab and
Schumann [7], and modiﬁed k–e by Dellil et al. [14]. Near the
wavy wall, both SWF and EWF models are in better agree-
ment with the DNS data compared to the modiﬁed k–e spe-
cially at the trough where U+ is over-predicted by the
modiﬁed k–e. This ﬁgure also shows that the SWF model is al-
ways better than the EWF model in the region near the wavy
wall.
Fig. 11 shows a comparison between the present calcula-
tions of the time mean streamwise turbulence intensity
u0u0=U2b using the EWF scheme, and the DNS of Maab and
Schumann [7] for ten different locations 0:101 6 x=k 6 0:992
along the wavy wall, with the condition y/H ranges as
0:04 6 y=H 6 1:0 at a = 0.05H and Re = 6760. The stream-
wise turbulence intensity is normalized by that calculated atthe mean velocity of the ﬂow across the channel Ub which is
deﬁned from the Reynolds stress. The abscissa represents the
distance from the mid-height of the channel normalized by
the channel height H. However, for each location x=k, two
peaks appear in both SWF and EWF methods due to the
growth of two vortices in the trough region with coordinates
vary according to the location x=k and appears as shown in
Fig. 11. The ﬁrst vortex is almost laminar one in spanwise
direction and appears at the downslope side of the wave. While
this vortex moves in the upstream direction through the trough
region it gets stronger and forces the mean ﬂow towards the
channel center. After that more but weaker vortices appear
at the downslope side of the wave, whereas the primary vortex
disappears under the action of stronger shear at the upslope
side of the wave. In the EWF scheme, both peaks are signiﬁ-
cantly reduced to around 40–50% of their corresponding
peaks calculated by the DNS method. Finally, a relatively
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Figure 8 Comparison of predicted v/Ub against DNS data (a = 0.05H, Re = 6760): (s) Maab and Schumann [7]; (– – –) EWF; (––)
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The consequent evolution is mainly caused by processes relat-
ing to the development of shear layers near the wavy wall.
The normalized streamwise turbulence intensity u0u0=U2b
develops a relative maximum near the surface at the location
x=k ﬃ 0:80 and reaches an absolute maximum over the next
trough. If one deﬁnes a shear layer through a maximum inten-
sity of the turbulent velocity ﬂuctuations Buckles et al. [1], two
shear layers can be discerned for the positions
0:80 6 x=k 6 1:30. The agreement with the DNS seems to be
reasonable at the upslope side of the wave, whereas at the
downslope side the DNS shows higher intensities near the bot-
tom at the location 0:10 6 x=k 6 0:40. Also, inner and outer
regions can be recognized from the proﬁles of the turbulent
velocity ﬂuctuations as shown in Fig. 11. As with the mean
streamwise velocities, a boundary layer between the inner
and outer regions can be deﬁned at the location y=H ﬃ 0:30,
in which the inner region is characterized by large spatialvariations of the turbulence and distinct maxima. There are
small wave-induced variations in the outer region u0u0, and
the spatial averages of these quantities are affected by the pres-
ence of the wavy surface through the values of the friction
velocity. The magnitudes of the turbulence quantities slowly
decrease with the distance from the wave to the channel center.
The maximum dimensionless streamwise and normal are 2.5
and 1.25 turbulent velocity ﬂuctuations, respectively, and the
Reynolds shear stress is 1.60 occurs near y/H @ 0.10.
Figs. 12 and 13 show a comparison between the present cal-
culations of both the time mean vertical wise turbulence inten-
sity v0v0=U2b, and the time mean product turbulence intensity
u0v0=U2b using the EWF scheme against the DNS data of
Maab and Schumann [7] for ten different locations
0:101 6 x=k 6 0:992 along the wavy wall, with y/H ranges as
0:04 6 y=H 6 1:0 at a = 0.05H and Re = 6760. Both the
transverse and product turbulence intensities are normalized
by that calculated at the mean velocity of the ﬂow across the
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Table 3 Variation of (u/Ub)max using SWF and EWF schemes
for 0:10 6 x=k 6 1:0 and 0:0 6 ðy hÞ=ðHþ aÞ 6 1:0 at
a = 0.10H and Re = 21,400.
0.1 0.60 1.16
0.3 0.72 1.16
0.5 0.76 1.16
0.7 0.72 1.16
0.9 0.60 1.16
1.0 0.60 1.16
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Figure 10 Comparison of predicted U+ (a = 0.05H,
Re = 6760): (–s–) DNS by Maab and Schumann [7]; (–Æ–Æ–)
modiﬁed k–e by Dellil et al. [14]; (– – –) EWF; (––) SWF.
156 K.A. Hafez et al.channel Ub which is deﬁned from the Reynolds stress. The ab-
scissa gives the distance from the mid-height of the channel
normalized by the channel height H. For each position x=k,
two peaks appear in both methods of EWF and DNS for both
the transverse and product turbulence intensities, with coordi-
nates vary according to x=k. In the EWF method, both peaks
of the transverse and product turbulence intensities are signif-
icantly increased to around 40–50% of their corresponding
peaks calculated by the DNS method.
Of main interest for the practical applications is the vertical
ﬂux of the downstream momentum, which composed of advec-
tive contributions due to the mean ﬂow ﬁeld and frictional
parts due to the turbulent ﬂuctuations, and both contributions
is modiﬁed by the wavy wall. In addition, at wavy surfaces the
pressure causes a further contribution, which strongly inﬂu-
enced by the shape of the bottom surface and of the separated
region. As the pressure contribution exceeds the sum of advec-
tional and frictional momentum transport, it is mainly respon-
sible for the total drag at the lower boundary.
At a sufﬁcient distance from the wall, similarity of the
velocity ﬂuctuations in the streamwise u0 and normal v0 direc-tions is observed. An interesting characteristic of the wavy sur-
face is the increase in transverse velocity ﬂuctuations on the
wave upslope, which is associated with temporally persistent
vortex like structures localized near the surface. The neighbor-
hood of reattaching the mean pressure distribution on the sur-
face is similar to that which would be produced by a stagnation
point ﬂow with an oblique tangent to the surface. However,
the point of reattachment (obtained by vanishing the mean
wall shear stress) occurs approximately at 0:05k ahead of the
maximum pressure, whereas it would coincide with the maxi-
mum pressure in a steady stagnation point ﬂow.
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Figure 11 Comparison of predicted u0u0=U2b (a = 0.05H, Re = 6760): (–s–) DNS by Maab and Schumann [7]; (– – –) EWF.
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0v0=U2b, and
u0v0=U2b versus y=H for different x=k; 0:101 6 x=k 6 0:992,
show the formation of a thin, growing wall boundary layer
originating at the point of reattachment and accelerating
strongly downstream of reattachment. Thus one of the conse-
quences of the delayed maximum pressure is the strong bound-
ary layer acceleration in a nearly vanishing pressure gradient.
The boundary layers of the wall between 0:0 < x=k < 0:25
and 0:70 < x=k < 1:0 are strongly dependent on the outer
ﬁeld.
Fig. 14a and b shows comparisons between the present cal-
culations of the time mean stream lines of the ﬂow over the
wavy wall calculated by both SWF and EWF schemes at
a = 0.05H and Re = 6760. It indicates that the ﬂow at the ﬁrst
station, the wave crest, is attached but recovering from a
strong favorable pressure gradient (acceleration) that follows
reattachment on the previous wave. The streamlines deﬁne a
separation in which the ﬂow is intermittently in the forward
and reverse direction and give an outer boundary for thereversed ﬂow. The separation point occurs where there is an
unfavorable pressure gradient and the reattachment point oc-
curs just upstream of the maximum pressure.
The recirculation zone reaches a maximum thickness at the
location x=k ¼ 0:40 corresponding to approximately 60% of
the crest-to-trough wave height H. The w ¼ 0:0 streamline
intersects the downstream surface of the wave at an angle
approximately 40 from the normal to the surface, and the
mean ﬂow pattern in the vicinity of the reattachment is similar,
in some regards, to a stagnation point ﬂow. Immediately above
the separation point the ﬂow appears to be deﬂected ﬁrst up
and then down, whereas downstream of the reattachment
point the ﬂow streamlines are compressed upwards in response
to the lifting wave surface, indicating a signiﬁcantly accelerated
ﬂow. The mean surface pressure along the wave is a combina-
tion of a linearly decreasing trend plus a periodic variation.
The periodic variation is much greater than the channel pres-
sure drop per wave length for the present wave. Separation oc-
curs in a region of adverse pressure gradient, which extends
158 K.A. Hafez et al.downstream to about x=k ¼ 0:25 and precedes a region where
the pressure becomes nearly constant over the central portion
of the separation zone. The sharp maximum located down-
stream of the reattachment point close to the point of maxi-
mum mean pressure is an important feature of the proﬁle.
The unsteady motions may be interpreted as a combination
of the unsteadiness caused by the passage of large scale ﬂow
structures and unsteadiness associated with the location of
the reattachment point ﬂuctuating upstream and downstream.
In the presence of separation there is a substantial 46% in-
crease in friction on the opposite ﬂat wall, a dramatic decrease
(almost by a factor of 6) in the average friction on the wavy
wall, and a pressure drag on the wavy surface that dominates
the contributions from friction.
Fig. 15 shows a comparison between the present calcula-
tions of the time mean intensities of the turbulence contours
2k=U2b, u
0u0=U2b, u
0v0=U2b, and u0v0=U2b, of the ﬂow past the
wavy wall calculated by EWF scheme a ¼ 0:05H and
Re ¼ 6760. As the color legend may not be helpful in distin-u
'v
'/U
2 b
0.00
0.01
0.02
0.03
0.04
0.05
v'
v'
/U
2 b
0.00
0.01
0.02
0.03
0.04
0.05
v'
v'
/U
2 b
0.00
0.01
0.02
0.03
0.04
0.05
v'
v'
/U
2 b
0.00
0.01
0.02
0.03
0.04
0.05
y/H
0.0 0.2 0.4 0.6 0.8
v'
v'
/U
2 b
0.00
0.01
0.02
0.03
0.04
0.05
x /λ=0.101
x /λ=0.304
x /λ=0.492
x /λ=0.695
x /λ=0.898
Figure 12 Comparison of predicted v0v0=U2b (a = 0.05H, Re = 6guishing the different zones of the turbulence contours intensi-
ties on a mono-color reprint, numerals are inserted on the
graphs to represent a meaningful legend. The separated region
is bounded by the w ¼ 0:0 streamline and the wavy boundary
between the locations x=k ¼ 0:30 and x=k ¼ 0:50. A region of
large velocity gradients close to the wall, and a boundary layer,
form immediately downstream of the separated region (near
the location x=k ¼ 0:60) and extends almost to the next wave
crest. All the terms in the momentum equations were calcu-
lated with the pressure integrated at the wavy surface. The
boundary upstream of the crest is inﬂuenced by the accelerat-
ing outerﬂow, that is, a favorable gradient of ðpþ u2Þ. As the
boundary layer thickens, instabilities occur when the near-wall
ﬂuid begins to decelerate. These instabilities grow in the pres-
ence of the adverse gradient of ðpþ u2Þ which occurs beyond
the position x=k ¼ 0:90.
Downstream of the wave crest, the ﬂow at the wall sepa-
rates, associated with an inﬂection point of large velocity gra-
dient developed away the wall. The region surrounding this1.0
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Figure 13 Comparison of predicted u0v0=U2b (a = 0.05H, Re = 6760): (–s–) DNS by Maab and Schumann [7]; (– – –) EWF.
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sical free shear layer or a mixing layer. This layer begins close
to the wavy surface near the location x=k ¼ 0:10 and develops
downstream so that its effects are experienced for several
wavelengths. Its outer extent can be deﬁned by an outer inﬂec-
tional point in the mean velocity proﬁles, and its center is de-
ﬁned by the location of maxima in the Reynolds shear stress,
whereas its lower part differs from the upper part due to the
interaction with wall. In fact, the deﬁnition of this interaction
is a critical theoretical problem, in which the separated region
and the boundary layer may conﬁrm this interaction.
The highest ﬂuctuation intensities are associated with free
shear layer which in turn detaches from the surface at the sep-
aration point elevating above the separation zone. The magni-
tude of the highest ﬂuctuation intensity extends fairly constant
past most of the wave with a noticed reduction after the ﬂow
reattaches and speeds up as it approaches the wave crest.
The location of the maximum streamwise intensity extends
over most of the trough at a height equal roughly to themaximum wave height, before elevating somewhat towards
the crest. This location approximately coincides with the mid-
point of the vertical shear region in the mean velocity ﬁeld. The
vertical extent of this free shear layer is evident from the jumps
in the mean velocity proﬁle of Fig. 9, particularly for the loca-
tions x=k ¼ 0:30, and 0.5. The magnitude of the maximum
streamwise intensity increases rapidly from a value of about
0.20 very close to the crest to around 0.25 at a quarter of the
wavelength downstream.
At the reattachment point, boundary layers form along the
wall in both the upstream and downstream directions. The
boundary layer in the upstream direction is not well deﬁned
and could progress only a short distance, whereas the bound-
ary layer in the downstream direction is thin and turbulent as
evidenced by the existence of a maximum in the turbulent
intensity within it. This boundary layer progresses to the sep-
aration point on the next wave, where it separate from the sur-
face as a free shear layer. This shear layer spreads rapidly
downstream of separation owing to both the high intensity
Figure 14 Stream lines of the ﬂow over wavy walls: (a) a = 0.05H, Re = 6760, SWF; (b) a = 0.05H, Re = 6760, EWF.
160 K.A. Hafez et al.of the turbulence and the divergence of the mean streamlines.
The maximum intensity of the turbulent velocity ﬂuctuations
occurs in the free shear layer, approximately at an inﬂexion
point of the mean velocity proﬁle.
The shear layer in the ﬂow past the wavy surface is always
affected by the proximity of the boundary because the surface
drops slowly away from the shear layer centerline downstream
of separation. The separated shear layer rolls up into vortices
which ﬁll the entire wave trough. If this region behaves as a
free shear layer, more isolated eddy structures with a passive
ﬂuid in the reversed ﬂow zone separates the shear layer from
the wave surface. The shear layer vortices push the ﬂuid down-
ward toward the wall and entrain ﬂuid from the reversed ﬂow
region upwards into the shear layer. A region similar to the in-
ner boundary layer which develops after reattachment in a sep-
arated ﬂow also develops for the location x=k > 0:60, as
evidenced by the rapid increase in wall shear stress through
the development of a region of large velocity gradients and a
maximum turbulence intensity near the surface.
After the location x=k > 0:20, the maximum turbulence
intensity that was initiated in the wall layer moves rapidly away
from the wall, and appears to be associated with an inﬂection
point in the mean velocity proﬁle. The region surrounding this
inﬂection point is very similar to the free shear layer that was
previously found by Buckles et al. [1] for the separated ﬂows.
6. Conclusions
This research work investigates numerically the improvement
and enhancement of the ﬂow predictability over complex con-
ﬁgurations with increasing Reynolds numbers to suit the design
of the realistic applications. Brief investigations of theprincipal conclusions that may be aggregated from this re-
search work are:
(a) The ﬂow in a channel with a wavy wall is obviously a
challenging test case for the numerical accuracy and sta-
bility of the mathematical methods and turbulence mod-
els. This is due to the fact that the versatility of ﬂow
phenomena that can be considered through changing
the wave steepness ratio 2a=k, beyond the existence of
few uncertainties concerning the proper initial and
boundary conditions required carrying out realistic pre-
dictive calculations.
(b) The use of standard or enhanced wall functions in pre-
dicting the turbulent ﬂow characteristics, which is even
more prevalent for complex and separated ﬂows, is not
a questionable practice. The near wall treatment used
in the present turbulence model seams to reproduce
the trends observed in the previous numerical and exper-
imental results of the already published literature, with a
reasonable efﬁciency and reliability with redistributing
the grids so that the number of grids is reasonable to
capture the expected recirculating zones. The present
study shows better predictions than those presented by
the more complicated k–e–fl model and therefore
returns the attention back to the classical and ﬂexible
k–e model in simulating the ﬂuid ﬂow past the surfaces
of complex conﬁgurations.
(c) Although it has not been possible to separate the effects of
surface curvatures from those of the strong pressure gra-
dients that are present in the turbulent ﬂow, the numerical
results presented herein emphasized that the use of stan-
dard or enhanced wall functions in the prediction of the
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Figure 15 Contours of turbulence intensities for the case of
EWF (a = 0.05H, Re = 6760): (a) 2k=U
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separations and reattachments with a reasonable amount
of computer time, numerical accuracy and stability.
(d) The disagreement seen in the near wall velocity distribu-
tions are due more to the disagreement in the wall shear
stress calculated in the previously published literature
than a failure of the turbulence model in general. Obvi-
ously, determining the wall shear stress by using the
slope of the velocity proﬁle at that wall introduced thelarge possibility of erroneous numerical results, espe-
cially when the slope is small and the ﬂow is non-steady,
as is the case of the separated ﬂow.
(e) The mean separated ﬂow is highly inﬂuenced by the grid
resolution, details of the wavy surface conﬁguration,
interpretation of the realistic boundary conditions, and
realization of the continuity equation. On the same time,
as the inﬂuence of the Reynolds number on the separated
region is very small; the size of the separated region
decreases slightly with increasing Reynolds number.
(f) Comparing the numerical results of both SWF and
EWF techniques, a difference of about 5–7% appears,
which arises from the small differences in the conﬁgura-
tion of the modeled lower wavy surface. This shows for
the considered ﬂows, that the shape of the wavy surface
has relatively large inﬂuence on the numerical results.
This is mainly due to the additional pressure forces,
the inﬂuence of resolution, and Reynolds number, the
lower friction velocity at the upper ﬂat surface, on the
contrary to the lower wavy surface.
(g) The ﬂow structure near the wavy surface shows a streaky
pattern with downstream elongated vortices at the
upstream slope, but less regular pattern on the down-
stream side. The spanwise spacing of the regular patterns
is about 0.3H. Because the vertical velocity component is
approximately coupled with the streamwise velocity com-
ponent, the greatest differences between the previously
published results and the present numerical calculations
occur at the upslope side of the wave.
(h) The previously published experimental results seam to
deviate from the present numerical results near the cen-
ter of the wavy channel. As the spreading near the wavy
surface is very high, such experimental results are highly
probable suffer some disturbing inﬂuences against the
wall. In fact, the agreement with the previously pub-
lished experimental results seems to be fair at the ups-
lope side of the wave, whereas it shows higher
intensities near the bottom at the downslope side for
the locations 0:10 < x=k < 0:40.
(i) The techniques of SWF and EWF are generally enough
to begin a comprehensive numerical investigation of the
ﬂow physics past wavy walls of sinusoidal or arbitrary
shapes that may be important in many practical ﬂow
phenomena involving many boundaries. Therefore,
comprehensive parametric study and sensitivity analysis
are required to explain all the mutual inﬂuences involved
in a reliable concern of a turbulent ﬂow in the vicinity of
the wavy boundaries.
(j) It is recommended to testify the two approaches presented
here in different conﬁgurations by including more other
body forces, pressure gradient and/or geometrical changes.Acknowledgment
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